Quantum measurement of a solid-state qubit: A unified quantum master equation 

approach revisited 
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Quantum measurement of a solid-state qubit by a mesoscopic detector is of fundamental interest 
in quantum physics and an essential issue in quantum computing. In this work, by employing a 
unified quantum master equation approach constructed in our recent publications, we study the 
measurement-induced relaxation and dephasing of the coupled-quantum-dot states measured by a 
quantum-point-contact. Our treatment pays particular attention on the detailed-balance relation, 
which is a consequence of properly accounting for the energy exchange between the qubit and 
detector during the measurement process. As a result, our theory is applicable to measurement at 
arbitrary voltage and temperature. Both numerical and analytical results for the qubit relaxation 
and dephasing are carried out, and new features are highlighted in concern with their possible 
relevance to future experiments. 
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I. INTRODUCTION 

Measuring a two-state quantum system (qubit) typi- 
cally represents the long-standing and still controversial 
issue in quantum measurement. Ideally, based on the 
standard Copenhagen postulate, quantum measurement 
is described as a wavefunction collapse, i.e., projects the 
qubit state to one of the possible eigenstates of the ob- 
served quantity with state-dependent probabilities. How- 
ever, in practice, any realistic measurement is performed 
by a realistic device that itself is a physical system. Re- 
sponse of the measured system to the measuring device is 
in general a non-trivial problem, which has attracted con- 
siderable attention in recent years [1-18]. This renewed 
interest also stems from the rapidly developing field of 
quantum computing, since the quantum measurement 
procedure is needed, for instance, at the end of compu- 
tation to read out the final results, or even in the course 
of computation for the purpose of error correction. 

A possible implementation of the two-state quantum 
measurement is to consider a charge qubit being mea- 
sured by a charge sensible detector, such that the trans- 
port current in the detector carries information of the 
measured qubit. The charge qubit can be either an extra 
electron stored in coupled quatum dots (CQDs) I19i. o r 
an extra cooper pair in superconducting box |3, ll3L iVl\ , 
meanwhile the detector can be a quantum-point-contact 
(QPC) [1-6,12,16], or a single-electron-transistor (SET) 
[7-11,17]. In these studies, in addition to theoretical dis- 
cussions [1-10,16,17], experimental results have also been 
reported [11-13]. 

To study the effects of measurement on a quantum sys- 
tem, the standard procedure is to trace out the micro- 
scopic degrees of freedom of the detector, which would 
result in a reduced description in terms of quantum mas- 
ter equation (QME) for the relaxation and dephasing of 



the measured system. In the seminal work by Gurvitz Q] , 
the quantum measurement of the charge state in coupled 
QDs by a QPC, was studied based on a reducing proce- 
dure from the many-particle wavefunction of the entire 
qubit-plus-detector system. This approach was also ap- 
plied to study the breakdown of the Anderson localiza- 
tion in the presence of quantum measurement jl3] , and 
its conditional version was exploited to analyze the read- 
out of the detector IT^ . By an alternative means, 
Goan et al derived a Lindblad QME for the same mea- 
surement setup, based on which a quantum trajectory 
description was developed for the single continuous mea- 
surement 0. The Lindblad QME obtained by Goan et 
al has also been demonstrated to be equivalent to the 
Bloch equations derived by Gurvitz 5]. However, we no- 
tice that their master equations would inevitably lead 
to certain peculiar features such as the always equal oc- 
cupation probabilities on individual dots (sites) in the 
asymmetric-qubit (disorder-ch ain) after the completion 
of dephasing and relaxation P, . 

In this work, we revisit this well-defined quantum mea- 
surement problem by employing a unified Markovian 
QME approach [23, El k2^J ■ We pay particular atten- 
tion on the detailed-balance relation, which properly ac- 
counts for the energy exchange between the qubit and 
detector during the measurement process. Consequently, 
our approach is valid at arbitrary measurement voltage 
and temperature. It will show that the results in Refs. 
Q and break down at small voltage and the peculiar 
features in Refs. Q and Q survive only in high voltage 
regime. Note that the measurement voltage can in a 
certain sense be interpreted as an effective temperature 
|15| ; thus the equal occupation probabilities on individual 
states may be viewed as the result of an effectively strong 
thermalization. To our knowledge, this kind of clarifica- 
tion lacks so far in literature. Recently, similar quan- 
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FIG. 1: Schematic diagram of a solid-state qubit (coupled 
quantum dots) being measured by a quantum point contact 
(QPC). Occupation of the extra electron in different dots 
would have distinct influence on the transport current through 
the QPC, that makes it possible to draw out the qubit state 
information. On the other hand, as a result of backaction of 
the detector, quantum coherence of the qubit state would be 
destroyed. 



turn measurement under arbitrary voltage is analyzed in 
terms of the noise spectrum of the detector output signal 
[lol Ir^ . In the large voltage regime, the noise spec- 
trum is symmetric; and in small voltage regime, the noise 
spectrum becomes asymmetric. This change of spectral 
shape indicates a transition from classical to quantum. 
In the quantum regime, it is right the energy exchange 
between the qubit and detector that leads to the asym- 
metry of noise spectrum. Our present work, which deals 
with the measurement-induced qubit dephasing and re- 
laxation under arbitrary voltage and temperature, thus 
provides an alternative perspective to elucidate the na- 
ture of energy exchange and its importance in describing 
quantum measurement. 

The remainder of this paper is organized as follows. 
In the context of the considered quantum measurement 
model, we outline in Sec. II the derivation of the QME for 
the reduced dynamics of the qubit. The detailed-balance 
property of our QME and its relation to the energy ex- 
change processes accompanying the quantum measure- 
ment will be elaborated in the Appendix. In Sec. Ill, 
numerical results of the relaxation and dephasing behav- 
iors of the measured qubit are presented, and discussions 
are highlighted to some new features resulting from the 
detailed balance. Section IV contributes to the relaxation 
and dephasing rates where the newly derived analytical 
formulas clearly describe effects of various measurement 
parameters, such as the bias voltage across the QPC and 
the temperature in the electronic reservoirs. Finally, in 
Sec. V we summarize the main results and implications 
of this work. 



II. QME APPROACH FOR QUANTUM 
MEASUREMENT: FORMAL RESULT 

A. Model description 

Following the previous work 0,0,0 , we consider here a 
coupled quantum dots (i.e. a solid-state qubit) measured 
by a quantum point contact, as schematically shown in 
Fig. 1. To present a microscopic description for the mea- 
surement, assume the Hamiltonian of the entire qubit- 
plus-reserviors system as 



H — -ffqu + ^^ics + H' , 



(la) 



with 



ea\a){a\ + eb\h){h\ + n{\b){a\ + |a)(6|), (lb) 
i/„. = ^e^4cfc+^e^4d„ (Ic) 

k q 

H' = Y.^T,k + Xqk\a){a\)cld, + H.c. (Id) 

k,q 

The two terms in i?ros are for electrons in the two reser- 
voirs (electrodes) labelled by "L" and "R" , respectively. 
The interaction Hamiltonian H' here describes the elec- 
tron tunneling through QPC, e.g., from state \q) in the 
R-reservoir to state \k) in the L- reservoir, with the tunel- 
ing coupling amplitude of {Tqk + Xqk\o){<A) that depends 
explicitly on the qubit state. It is right this qubit-state 
dependence of the tunneling amplitude that makes it 
possible to draw out the qubit state information from 
the transport current through QPC. In the above micro- 
scopic Hamiltonian, the detector is described in terms of 
second quantization to address the many particle nature, 
meanwhile for the measured system (qubit) single parti- 
cle description is adopted since there is only one extra 
electron in it. Here we denote the qubit state by \a) and 
1 6), corresponding to the electron locating in the left and 
right dot. In this work we shall also introduce the qubit 
eigenstates |1) and |2), which are the superpositions of 
the dot-states \a) and 



B. Reduced description for the measured qubit 

Quantum measurement can be characterized by de- 
phasing and relaxation of the measured system. In this 
subsection, we present a unified QME description for the 
reduced dynamics of the qubit which is subjected to the 
measurement of a QPC. Details of the formal derivation 
and the adopted approximations are referred to Ref. l2ll 
Here we only outline the key procedure and the main re- 
sults with respect to the measurement model in concern. 

It is well known that in weak coupling regime one can 
derive the QME by carrying out a second-order cummu- 
lant expansion with respect to the system-environment 
interaction Hamiltonian. In our case, we treat the qubit- 
state-dependent tunneling Hamiltonian H' as perturba- 
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tion, since it fully contains the coupling information be- 
tween the qubit and detector. In the interaction picture 
with respect to the QPC reservoir Hamiltonian H^cs of 
Eq. ifTcIl , the interaction Hamiltonian H' of Eq. (|ld|) be- 
comes time dependent and reads (setting A^^ = e]^ — e^) 

H'{t) ^Y.i'^ik + Xqk\a){a\)cldge''^'"'' + R.C. (2) 

Making connection with the formalism developed in Ref. 
m we denote Wqk = Tqk + Xqk\a){a\ and /Jj.(t) = 

c\dqe^^'">^ , which are operators in the qubit and the 
stochastic bath reservoirs subspaces, respectively, and 
recast Eq. @ as H'{t) = T.q,k[Wqkfl{t) + Wljqu{t)]. 
With this form and starting from the Liouville equation, 
the QME satisfied by the reduced density matrix can 
be derived after tracing out the microscopic degree of 
freedom of the QPC reservoirs, precisely following the 
procedures in Ref. jl^ 

For simplicity, we assume Tqk = T and Xqk = Xj 
i.e., the tunneling amplitudes are reservoir-state indepen- 
dent. Accordingly, the interaction Hamiltonian simplifies 
to H'{t) = Wp{t) + W^f{t), where 

W = T + x\a){a\, f (t) ^ ^cldqe^'"''^' . (3) 

k,q 

The measurement current fluctuation-induced dephasing 
and relaxation effects on the qubit are characterized by 
the interaction bath correlation functions, which in rela- 
tion to the QPC detector shown in Fig. 1 can be carried 
out explicitly as 

C^+Ht) ^ (/^(t)/(0)) =^e^^'='*7VLfc(l-iVR,), (4a) 

k,q 

C^-Ht) EE (/(t)/t(0)) =^e-^^^''*(l-iVLfe)iVR,.(4b) 

k,q 

Here, (• • •) stands for the statistical average over both 
the left and right electron reservoirs, which are assumed 
to be in the local thermal equilibrium, with the Fermi- 
Dirac functions being given by Nj^k — [e^'-'^k-i^i^) _(- 

and TVr^ = [e^^'?"'"'^) + respectively. Here, /3 = 

l/{kBT) is the inverse temperature, and and ^r, are 
the chemical potentials that relate to the applied voltage 
across the detector by fii^ — /zr = eV. The interaction 
bath spectrum is then defined as the Fourier transform 
of the reservoir-electron correlation function 1211 , 
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(5) 



detailed-balance 



relation of 



It satisfies the 
C(+)(w)/C(-'(-tj) = e- 

With the above clarifications, the unified QME devel- 
oped in Ref. |^ applied here to describe the dephasing 
and relaxation of the measured qubit can now be com- 
pletely identified. 



with £(•••) = [iJqu, (•••)] being the quibit Liouvillian 
and TZ being the dissipation superoperator defined via 
the following compact form [2]| . 



H.c. 



(7) 



Formally, W^*^^-* is related to the coupling operator W as 



^(±) ^ C'(±)(±£)p^. 



(8) 



Here, C^'^\±C) is a superoperator, specified by the 
qubit Liouvillian C and the interaction bath spec- 
trum C'^'(±cj). To obtain the explicit expressions of 
C'-^-'(±£), we further adopt the continuum and wide- 
band approximations for the QPC reservoir electrons. 
Accordingly, the discrete summations in Eq. Q can 
be replaced by the continuous integrations, J^k ^q ~^ 
.9l3r / f di]^d^^, where the energy-independent density of 
states (DOS), and ^r, are introduced for the two reser- 
voirs. The analytical expressions for C^^^(±£) can then 
be readily integrated out as 



(9) 



Equations lO-® constitute the QME formulation that 
contains the full effects of measurement on the qubit and 
will serve as the starting point of the following studies. 



C. Comments and discussions 

Let us start with the high measurement voltage limit 
{eV 3> >C), in which the applied measurement voltage is 
much larger than the internal energy scale of the qubit. 
In this case, the superoperator C*^^-* (±£) of Eq. (jnj re- 
duces to a c-number, 



C(±)(±£) ->C(±)(0) = ±2^, 



.9L5R 



eV 



1 



(10) 



With this approximation, Eq. {Tj) recovers the QME de- 
rived in Ref. i|5t i.e.. 



7^p ~ -C^-\0)V[W]p - C^+\q)V[W^]i^ 



(11) 



~iCp — TZp, 



(6) 



with V[W]p = WpW"! - ^[W''W,p]+ and V[W^p being 
defined similarly by swapping between W and W'' . It is 
easy to show S] that the QME of Eq. (|ll|l is in fact also 
equivalent to the Bloch equation derived by Gurvitz [l^. 

Our QME formulation in Eqs. is valid for ar- 

bitrary measurement voltage. In contrast with the c- 
number of C^^-'(O), the operator nature of C'-*''(±£) in 
our QME formulation properly describes not only the 
dephasing but also the important energy exchange be- 
tween the qubit and detector. Physically, the quantum- 
measurement-induced dephasing and relaxation on the 
qubit are originated from the current fiuctuations in the 



4 



detector 0, 0, 0|. As mentioned earlier, the cur- 
rent fluctuations are characterized by the correlation 
functions C^-^\t) of Eq. and their spectra satisfy 
the detailed-balance relation of C^^\uj) / C^~'> {—uj) — 
^f3(iAi+eV) arbitrary temperature and measurement 
voltage [cf. Eq. jnj]. Consequently, C'^^^(±£) manifests 
the backaction of the detector on the qubit by correlat- 
ing the measurement current fluctuations with the qubit 
dissipations, leading to our QME in Eqs. (O-® satisfy- 
ing the detailed-balance relation. More specifically, the 
energy exchange between the qubit and detector can be 
described as follows. C'^~^\L) accounts for the current 
fluctuations associated with electron tunneling in the de- 
tector from the left to the right reservoirs, accompanied 
by energy absorption from the qubit, while C'^~\—L) 
corresponds to tunneling from the right reservoir to the 
left one, accompanied by energy emission to the qubit. 
The energy exchange characterized by C^^-* (±£), i.e., the 
current-fluctuation spectrum C'^^^(±a;) correlated with 
qubit Liouvillian cj = £, is an essential feature hold by 
our QME that manifests the important detailed-balance 
relation. This issue is further elaborated in the Appendix 
by carrying out the explicit expression of the QME in 
terms of the qubit atomic operators. 



III. MEASUREMENT-INDUCED DEPHASING 
AND RELAXATION 

We are now in the position to highlight the essential 
role and impact of the detailed balance on the qubit de- 
phasing and relaxation under measurement. In order to 
have a close comparison with the previous results that 
neglect the detailed balance efl'ects 0, Q , instead of the 
QME given explictly in the Appendix in terms of the 
qubit atomic operators and cr^, in this section we 
would like to elaborate it in the individual dot-state ba- 
sis. For clarity, our results will be presented for the sym- 
metric and asymmetric qubit cases, separately, in the 
following two subsections. 



A. Symmetric case: ea = 




(b) 



p„ and p^^ : C(0) 



time t (in units: 



time t (in units; 1/a) 



FIG. 2: Measurement induced qubit relaxation in (a) the in- 
dividual dot-state representation, and (b) the eigenstate rep- 
resentation. The results in the presence and the absence of 
the detailed balance are symbolized by "C(£)" and "C(0)", 
respectively. 



the notation, let us denote 

A± = [CW(±A) + CW(tA)]/4, (14a) 
A± = [C(±)(±A)-C(±)(tA)]/4. (14b) 

Here A = Ei — E2, with Ei and E2 being the qubit 
eigen-energies. 

For the symmetric qubit (eq = Sb = eo)i we have then 



w!it^ = (r + x/2)CW(0) + xA±, 



(15a) 
(15b) 

Wla^ = -W^if^=xA±. (15c) 



W^b' = (r + x/2)CW(0)~xA± 



.(±) 



Substituting Eq. into the formal QME [Eqs. © and 
the Bloch equations for the reduced density matrix 
in the dot-state representation can be readily obtained. 
For instance, the off-diagonal density matrix element sat- 
isfies 



Pab = -«(ea - <^b)Pab + i^iPa 
-X^(A+ + X-)pab 



Pbb) 



— ;r(A+ - A_)(paa + Pbb)- 



(16) 



In the individual dot-state representation {|a), \b)}, the 
coupling operator W takes a matrix form 



W 



T + x 
T 



and its spectral conjugate in Eq. (jHjl is 



' ba 



(±) 

bb 



(12) 



(13) 



The involving ly'^^^-matrix elements can be evaluated 
readily via the standard operator algebra. To simplify 



For simplicity, we have assumed here the tunneling co- 
efficients T and x be real. It is easy to see that in the 
absence of detailed balance, i.e., C(=^)(±A) C(=^)(0), 
Eq. lfTC|l reduces to 



Pab = -i(ea - f^b)Pab + i^{Paa ~ Pbb) 

_2^[c(+)(o) + c(-)(o)K,, 



(17) 



which is nothing but the result derived in Refs. QandU 
Under the quantum measurement, a pure state of the 
qubit state evolves into a statistical mixture. Figure 2 
shows such evolution by plotting the time-dependent oc- 
cupation probabilities on the individual dot states. In 
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the following numerical studies, the relevant parame- 
ters are adopted as follows: the applied voltage over 
the QPC eV = il, the inverse temperature /? = 1/^^, 
the DOS in both electron reservoirs gi, = = 2/il, 
and the tunneling amplitudes T — Q and x — 0.15i7. 
In the dot-representation as shown in Fig. 2(a), despite 
certain quantitative difference in short time scale, com- 
mon final occupation probability of 1/2 in each dot is 
approached, irrelevant to the detailed balance being sat- 
isfied or not. Physically, due to the measurement-induced 
dephasing, a transition occurs for the qubit electron tun- 
neling from the coherent to incoherent regime. In the 
coherent regime, the tunneling results in the well-known 
Rabi oscillations. In the incoherent regime, no phase 
correlation exists between the tunneling events, and the 
readout appears telegraphic signals. In the symmetric 
case, owing to ea = £6, the final equal occupation prob- 
ability of 1/2 in each dot is anticipated. However, as 
shown by Gurvitz P|, in the asymmetric case (i.e. for 
non-identical coupled dots), final equal occupation prob- 
ability of 1/2 in each dot would also be approached. Sim- 
ilar confusing feature also existed in the breakdown of the 
Anderson localization, where equal occupation probabil- 
ities on each site of the disordered chain were found ■ 
This peculiar feature is only valid in the limit of large 
measurement voltage, which causes an effective thermal- 
ization in terms of an effective temperature. The equal 
stationary occupation in a general asymmetric cases is 
however unphysical; it violates the detailed balance since 
it does not properly account for the energy exchange be- 
tween the measured system and the detector. 

To reveal the significant implication of the detailed bal- 
ance, let us transform the result in Fig. 2(a) into the 
qubit eigenstate representation, as shown in Fig. 2(b). 
Viewing that initially the electron locates in the left dot, 
which is equivalent to 1/2 probability in each eigenstate 
of the symmetric qubit, the constant dashed line in Fig. 
2(b) indicates that equal occupation probabilities on the 
two eigenstates would be unaffected if the detailed bal- 
ance could be neglected. However, the proper relaxation 
between the eigenstates will result in quite different occu- 
pation probabilities as shown by the solid curves in Fig. 
2(b). 

Despite the drastic consequence of the detailed balance 
on relaxation, our QME also stimulates an interesting is- 
sue in dephasing. In Fig. 3(a) the dephasing behavior 
is described by the off-diagonal density-matrix element 
in the dot-state representation. We see that in the ab- 
sence of detailed balance, complete dephasing between 
the dot states takes place at the long measurement time 
limit. However, in the presence of detailed balance, the 
real part of pat approaches a nonzero constant. We no- 
tice that a similar feature of nonzero off-diagonal matrix 
element in dot-state basis appears also in Ref. [see 
Eq. (11) there] by coupling the qubit with an additional 
thermal bath. In contrast, our result steams merely from 
the coupling with the detector, owing to the fact that 
our theory properly accounts for the energy exchange be- 
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timet (in units: 1 /a) timet (in units: 

FIG. 3: Measurement induced dephasing in (a) the individ- 
ual dot-state representation, and (b) the eigenstate represen- 
tation. The real part and imaginary part of the off-diagonal 
matrix element are plotted by the solid and dashed curves, 
respectively. In (a), the result in the absence of detailed bal- 
ance is shown by the constant zero solid line and the dashed 
curve with larger oscillation amplitude. The other two curves 
are for the detailed-balance preserved result. Similarly, in (b), 
the curves with smaller and larger amplitudes correspond, re- 
spectively, to the detailed-balance hold and un-hold results. 



tween the qubit and detector, and thus its consequence on 
dephasing and relaxation. Mathematically, noting that 
Paa = Pbb = 0.5 as t ^ oo, the off-diagonal matrix el- 
ement approaches asymptotically to a non-zero value of 
Pab{t) 0.5(A_-A+)/(A_-hA+) viaEq. rather than 
Pab{t) via Eq. ((T7|l . Physically, our result based on 
the detailed-balance-preserved QME indicates that the 
dot-state basis is not a proper representation to show de- 
phasing. Under the weak measurement considered here, 
the qubit is weakly perturbed by the detector and its 
eigenstates remain a good representation to describe its 
dissipative dynamics. In this qubit-Hamiltonian domi- 
nated regime, complete dephasing is anticipated to take 
place between the qubit eigenstates rather than the dot- 
states Ull^l- In Fig. 3(b) we transform the off-diagonal 
density matrix element pab into pi2, i.e., from the dot- 
state basis to the eigenstate basis. A complete dephasing 
is observed satisfactorily between the qubit eigenstates. 

So far, we have restricted our discussion in the sym- 
metric qubit, and have already got insight in the impact 
of detailed balance on the qubit relaxation and dephas- 
ing. Below, we briefly show results for the asymmetric 
qubit, where more apparent effects can be observed. 



B. Asymmetric case: ea 7^ 

In an asymmetric case, simple diagonalization of the 
qubit Hamiltonian gives rise to the eigenstates |1) = 
cos||a) -|-sin||5) and |2) = sin||a) — cos||&); see the 
Appendix. We still denote the eigen-energy difference by 
A — £'1 — £'2. With the knowledge of eigenstates, one 
can straightforwardly evaluate the operator W^^^^ in the 
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master equation. In dot-representation, the result reads 



r+|(l + cos2 e)\ C(±)(0) +xA±sin^6l, 



(±) 



bb 



- (T+|sin2 0)c(±)(O)-xA± 



sm 



(±) 



|C(^^ (0) sin 29 - x(A± + A± cos 6) sin f 



Wia^ = |c(^)(0)sin26' + x(A± - A±cos6l)sin6'. 

(18) 

In Fig. 4(a) and Fig. 4(b), the measurement-induced 
qubit state relaxation is shown in (a) dot-state, and (b) 
eigenstate representations. In the absence of detailed 
balance, we see in both representations the qubit state 
relaxes to a statistical mixture with equal probabilities 
on the two states of the qubit. This peculiar feature 
in asymmetric qubit is owing to the equal probabilities 
with which the transitions from |1) to |2), and from |2) 
to |1), take place in the absence of detailed balance, as 
shown by the dominant Lindblad relaxation terms in the 
master equation in the Appendix. However, if the de- 
tailed balance is properly accounted for, remarkably dif- 
ferent statistical mixture will be approached after the 
measurement, see the solid curves in Fig. 4(a) and (b). 
We anticipate that the relaxation behavior in Fig. 4(a) 
can be demonstrated by future experiment. For asym- 
metric qubit, the dephasing characteristics shown in Fig. 
4(c) and (d) are similar to that in the symmetric qubit. 
Again, complete dephasing takes place between the eigen- 
states rather than the dot-states of the qubit under weak 
measurement. 

It is desirable to compare the measurement-induced re- 
laxation described in this work (cf. Figs. 2 and 4) with 
that originated from coupling with an additional thermal 
bath as discussed in Ref. 18. In both cases, relaxations 
are resulted from energy exchange between the system 
of interest and the environment. In this sense, the re- 
laxation induced here by a measurement device should 
be similar to that by a thermal bath. This analogy is 
also discussed in Ref. 0, where the measurement voltage 
across the detector is shown to be equivalent to an effec- 
tive temperature of thermal bath in certain sense. Since 
the measurement in Ref. |1^ is described as the previous 
work which causes only decoherence, an additional 
bath is introduced there for relaxation. It is expected 
that our QME approach allows the measurement itself to 
generate the relaxation and its consequences discussed in 
Ref.lli 



IV. RELAXATION AND DEPHASING RATES 

In this section we carry out the analytical expressions 
for relaxation and dephasing rates and discuss their char- 
acteristics which depend on the measurement conditions. 
Since the weak measurement under study is in the qubit- 
Hamiltonian dominated regime, we present our analy- 
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FIG. 4: Measurement induced relaxation and dephasing of 
an asymmetric qubit (with dot-level offset ea — eb = 0.5$!) in, 
respectively, the individual dot-state representation [(a) and 
(c)], and the eigenstate representation [(b) and (d)]. In (a)- 
(c), the results in the presence and absence of the detailed 
balance are symbolized by "C(/!)" and "C(0)". The quali- 
tative feature of dephasing in (c) and (d) is similar to the 
symmetric qubit, and the corresponding figure description is 
referred to Fig. 3. 



sis in the qubit eigenstate representation (see the Ap- 
pendix), in which Eq. © can be expressed as 



Pjk = —ii^jkPjk — ^ Ti-jk,j'k'Pj'k', (19) 
j'M' = l 

Ej — Ek , and the dissipation tensor elements 



where ujjk 
reads 



T^jk.j'k' = {K-jk,]'k' +JCljf,'f) /2, 



(20) 



with 



These tensor elements have clear physical meaning. For 
example, —TZjj,kk (with j ^ k) amounts to transfer of 
the occupation probability from \k) to while TZjkjk 
describes the dephasing between |j) and |A;). This can 
be further elucidated by making the so-called secular 
approximation which retains only the diagonal relax- 
ation tensor elements, such as Ti-jj^kk and TZjk,jk- In the 
qubit eigenstate basis {|1),|2)}, the secular approxima- 
tion leads to the following Bloch equation 



Pii 

Pl2 



-P22 = 

-zApi2 



-ripii -f 
- 712P12, 



r2P22, 



(22a) 
(22b) 
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where 

r2 

7l2 



-7^22,ll = |w^i2nc(-HA) + C(+)(A)], 
-7^ll,22 = |w^2iHc(-'(-A) + CW(-A)], 

7^l2,l2 = ^ (ri + Ta) + \ (W^ii - W^22)' 

X C(-)(0) + CW(0)l . (23) 



e\/{in units: n) 
1 2 3 



The relaxation between |1) and |2) is characterized by 
the evolution of pz{t) = pii{t) — P22{t)- From Eq. I|22a|l 
it is easy to show that 

= -(ri + r2)[p,(t)-p,(oo)], (24) 

which results in the solution 

p,{t) = p,{oo) + [pM - Pz{oo)] e-(ri+r2)t. (35) 
Accordingly, the Ti-relaxation rate is obtained as 

— = Ti +r2 
Ti 



2/7r 



[F{eV + A) + F{eV - A)]x^ sin^ 9, (26) 



with 



F{x) EE a;coth(/3a;/2). 



(27) 



Similarly, the T2-dephasing rate can be obtained as [cf. 
Eq. f22b)l ] 

^=112 = ^+ 7:gLgnFieV)x^ cos^ 9. (28) 

In this result, the first term stems from the relaxation- 
induced dephasing and the second term describes the 
pure dephasing. This identification can be simply un- 
derstood as follows. In the eigenstate representation 
(see the Appendix), the qubit and interaction Hamilto- 
nians read, respectively, i/qu = and H' = WX = 

[(r-|-x)/-|- ^{cos 9a z + sin 9 ax)] X . From a master equa- 
tion based analysis |23|, one can easily prove that the 
(T2;-coupling would cause the Ti-relaxation with rate l/Ti 
given by Eq. (|26|l . and simultaneously induce dephasing 
with rate l/(2Ti). Meanwhile, the (Jz-coupling only re- 
sults in pure dephasing with rate given by the second 
term of Eg. 

Equations (|26|l and H28|l describe the dependence of 
the qubit relaxation and dephasing rates on the various 
measurement parameters. Most apparently, the rates de- 
pend on the visibility parameter x via oc i which is the 
result in weak coupling regime, but implies also that de- 
sign of an appropriately large x is essential in order to 
perform efficient measurement. The dependence of the 
relaxation and dephasing rates on the measurement volt- 
age and temperature is numerically plotted in Fig. 5. In 
general, both the applied voltage and temperature will 
enhance the qubit relaxation and dephasing. Dephasing 




0.5 1.0 1.5 
k T{m units: Q.) 



2.0 



FIG. 5: The measurement induced qubit relaxation rate 
(Tj"^) and dephasing rate {T2^) as functions of the temper- 
ature for fixed voltage eV = (solid curves), and of the 
measurement voltage for fixed temperature ksT — fl (dashed 
curves) . 



will, in principle, benefit quantum measurement. How- 
ever, in practice the detector should be kept at very low 
temperatures, since there exists a tradeoff between the 
signal and noise strengths in the detector, analysis on 
which has appeared in recent publications [a, Q • In what 
follows, based on Eqs. H26|l and 128|) . we detail the volt- 
age and temperature dependence of the relaxation and 
dephasing rates under certain limits. First, in the limit 
of zero bias voltage across the detector, the tempera- 
ture dependence of the relaxation rate is characterized by 
Tj~^ cx coth(A/2fcBr), whereas the cr^-coupling induced 
pure-dephasing rate, i.e., the second term in Eq. (|28|l . is 
oc fcsT. This difference in temperature dependence is due 
to that energy exchange between the qubit and detector 
takes place during relaxation, but there exists no such 
exchange during pure dephasing. Under zero bias volt- 
age, the detector no longer plays role of measurement, 
the qubit relaxation and dephasing are merely caused by 
the zero-voltage quantum and thermal fluctuations due 
to random tunneling of electrons through the QPC. Sec- 
ond, at zero temperature limit, the pure dephasing rate 
linearly depends on the measurement voltage by noting 
that F{eV) cx eV. Interestingly, the relaxation rate re- 
duces to Tf ^ cx {eV + A + \eV - A\), which linearly 
depends on the voltage if eV > A, but becomes a voltage- 
independent constant when eV < A. 



V. CONCLUSION 

In summary, we have studied the relaxation and de- 
phasing of a solid-state charge qubit under quantum mea- 
surement of a mesoscopic detector. Our treatment em- 
phasizes in particular the energy exchange between the 
qubit and detector during the measurement process. The 
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measurement current fluctuation is shown to have signif- 
icant impact on not only the decoherence but also the 
detailed-balance-preserved relaxation of qubit. We have 
carried out both numerical and analytical results for the 
qubit relaxation and dephasing, and highlighted the new 
features which might be relevant to future experiments. 
Our unified QME approach is expected to be general- 
ized to a conditional version which enables to study the 
readout statistics, and to be unravelled by stochastic 
wavefunction which can describe an individual continu- 
ous measurement of a single qubit. The work along these 
two lines is in progress and will be published elsewhere. 

APPENDIX: ELABORATION ON THE 
DETAILED BALANCE 

In this appendix we carry out the explicit operator 
form for the relaxation super-operator Rp, from which 
the detailed balance retained by our QME can be re- 
vealed clearly. To this end, we express the qubit oper- 
ators in the eigenstate representation. In general, for 
asymmetric qubit, the individual dot level Ca ^ £&, we 
introduce e — {ca — eb)/2 for the dot-level offset, and 
A = El — E2 for the qubit eigen-energy difference. 
By a simple diagonalization of the qubit Hamiltonian, 
the eigen-energies are obtained as Ei = \^€^ + TP, and 
E2 = — Ve^ + Correspondingly, the eigenstates are 
|1) = cos§|a) -)-sin||6), and |2) = sin§|a) - cos^\b), 

where 9 is introduced by cos 6* = e/\/e^ + f^^, and 
s'md = il/y/e^ + Tl^. In the eigenstate basis {|1),|2)}, 
the qubit Hamiltonian reads iJqu — yCTx, and the cou- 
pling between the qubit and detector is described by 
H' = WX = [(r+x)/+f (cos6lCT^+sin6'cr^)]X. Here J is 
the 2x2 unit matrix, X stands for the tunneling operator 
of the QPC, and the Pauh operators cr^ = - |2)(2|, 

and <Jx — |1)(2| 4- |2)(1|, which map the two-state qubit 
to a spin 1/2 particle. 

In terms of the Pauli matrices, the formal QME, Eq. 
(5), can be recast to an explicit form with 

Up = rilcma,,.,[a,,p\]+r,l[ax,Q.,p- pQl] 

+?7l^2C(0)[(7,,[fT^,p]] 

+riim['^z,QxP~ pQV\, (A.l) 

where r?i = |cos6', 772 = f sin 61, C(0) = C(+)(0) + 
C(-)(0), and = C(-£)ct^ with C(-£) = C^+\-C) + 
C^-\-C). In the right hand side of Eg. l|XT|l . the 
first term describes the cr^-coupling induced pure de- 
phasing, the second term dominantly contributes the Ti- 
relaxation as well as its associated dephasing owing to 
the (T^^-coupling, and the last two terms stem from the 
correlation between the two couplings which have mi- 
nor contribution to the dissipative dynamics. Due to the 



dominant Ti-rate contribution of the second term, we 
further express it into a Lindblad-type form, 

[ax,Qxp- pQl] 
= -2C{-l\)V[a+]p-2C{l\)V[a-]p 

-[C(-A) + C{^)]{a-pa- + a+pa+). (A.2) 

where the Lindblad super-operators are defined as 

V[a+]p = <j+pG- -]^{a-a+,p), (A.3a) 
V[<j-]p ^ <j-p<T+ -]^{a+a-,p}. (A.3b) 

In deriving this result, we have carried out — 
C(-A)cr+ + C{A)a~, where cr=^ = ^{(Jx ± i(^y)- In this 
context, simple algebras were used as follows. Note that 
Ca, EE [Hqn,cTx] = ^{2i)ay, C^a, = {f)^2i)i-2i)a,, 
and so on. It then follows that the action of an arbitrary 
function of the Liouvillian operator C, say, C{C), on ax 
reads C{C)ax = Ci{A)ax + iC2{A)(7y, with Ci(A) = 
[C(A) + C(-A)]/2, and C2(A) = [C(A) - C(-A)]/2. 

The terms "CT^pu"" and "cr+pcr+" in Eq. (|A.2p are out 
of the rotating-wavc-approximation and their effects are 
small comparing with the Lindblad terms with 'D[a^]p 
[Eq. (|A.3p ]. Physically, 'D[a^]p describes quantum jump 
from the upper qubit state |1) to the lower state |2), and 
'D[a^]p vice versa. With satisfaction, the corresponding 
jump probability C(± A) precisely relates the qubit jump 
to the electron tunneling in the detector in the presence 
of energy-quanta (i.e., A) emission (absorption). Note 
that this energy exchange is essential to ensure the de- 
tailed balance. Denoting the occupation probabilities on 
the qubit states |1) and |2) by Pi and F2, at the station- 
ary mixture state, the dominant term of Eq. (A2) leads 
to P1/P2 = C(-A)/C(A). This is nothing but a gener- 
alization of the usual detailed balance relation for cou- 
pling with a thermal bath. Here the measurement voltage 
plays certain role of an effective temperature. This result 
is also in complete consistence with the rate analysis in 
Sec. IV, see Eqs. and (|23J). If we neglect the energy 
exchange, say, let C(±A) C'(O), the detailed balance is 
broken down, and equal occupation probabilities on the 
qubit states are inevitably resulted in as in the previous 
literatures 
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